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There are different workforce models in the “gig” economy. While some on-demand service providers rely
strictly on either traditional employees or independent contractors, others rely on a blended workforce which
melds a layer of contingent workers with a core of permanent employees. In deciding on the “right number
of right people to staff at the right time”, managers must appropriately weigh the pertinent tradeoffs. In
this paper, we study cost-minimizing staffing decisions in service systems where the manager must decide
on how many flexible (contractors) and/or fixed (employees) agents to staff in order to effectively balance
operating costs, varying customer demand patterns, and supply-side uncertainty, while not compromising on
the quality of service offered to customers. We consider a queueing-theoretic framework where the number of
servers is random because part of the workforce is flexible. Since the staffing problem with a random number
of servers is analytically intractable, we formulate two problem relaxations, based on fluid and stochastic-
fluid formulations, and establish their accuracies in large systems by relying on an asymptotic, many-server,
mode of analysis. We derive the optimal staffing policy, and glean insights into the appropriateness of
alternative workforce models in on-demand services. We also shed light on the distinction between demand-
side (customer arrival rates) and supply-side (number of servers) uncertainties in queueing systems. Finally,
we explore, through a numerical study, the impact of variability in the number of servers on the quality of
service offered to customers and illustrate that, contrary to intuition, more variability in the agent pool may

lead to an improved quality of service, i.e., customers may be advantaged by increased supply-side variability.
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1. Introduction
The gig or on-demand economy has gradually become an integral part of the global economy,
and it is projected to continue to grow in the coming years (PWC 2017). Naturally, not all on-

demand services are delivered in the same manner. For example, ride-sharing applications, such as
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Uber (uber.com) and Lyft (lyft.com), rely solely on independent contractors to fulfill ride requests
from customers. In such settings, the supply of workers available in each time period is uncertain
because those contractors are self-scheduling, i.e., they are free to set their own work schedules.
In contrast, several on-demand startups, such as Instacart (instacart.com) and Sprig (sprig.com),
have recently shifted away from staffing a workforce of independent contractors and rely on full-
time employees instead. There are also multiple companies, such as Walmart (walmart.com) and
Netflix (netfliz.com), which rely on a blended workforce i.e., they meld, as a deliberate business
strategy, a layer of contingent workers with a core of permanent employees (Forbes 2015).

Given that diverse landscape of alternative workforce models, a service provider must decide, as
a long-term business strategy in an initial planning stage, on the numbers of flexible (contractors)
and/or fixed (employees) agents to staff in order to effectively balance operating costs, varying
customer demand patterns, and supply-side uncertainty, while not compromising on the quality of

service offered to customers. This is the problem that we address in this paper.

1.1. Modelling Framework
We study a cost-minimizing service provider’s staffing problem in the context of a stylized queueing
model. We assume that both types of workers, fixed or flexible, have the same processing speeds,
i.e., service rates. However, the two types of workers differ in their unit operating costs, required
working periods, and show-up rates. Specifically, while a fixed worker must adhere to a given
schedule, a flexible worker is free to choose whether or not to show up to work in a given shift.
Customers are both impatient and delay sensitive. There are multiple working periods, customer
demand rates are deterministic yet time-varying, and the agent pool may include either fixed or
flexible agents (or both). Hereafter, we will use “agent” and “server” interchangeably. A fixed
server is compensated cy;, per unit time. If a flexible server is available, then she earns cy.., per
unit time. That is, ¢, and cge, are staffing costs. When there are flexible servers in the agent
pool, the total number of available servers is random.
Why is our problem challenging? Since the number of servers in our queueing system is
random, we are facing a decision-making problem under parameter uncertainty. Because the opti-
mization problem faced by the system manager is analytically intractable, we rely instead on an
asymptotic mode of analysis. In particular, we consider a sequence of queueing systems indexed
by the arrival rate, A\, and we allow A to increase without bound.

At a high level, systems with parameter uncertainty involve two “layers” of variability: (i)
stochastic variability, for any given realized value of the underlying uncertain parameter, because
interarrival, service, and patience times are random; and (ii) parameter uncertainty, because the

parameter itself, here the number of servers, is random. We address our capacity-planning question
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by considering two alternative problem formulations, which correspond to two regimes, respec-
tively. The first formulation assumes that uncertainty effects dominate stochastic fluctuations. The
second formulation assumes that both uncertainty effects and stochastic fluctuations are negligible.
In this regime, we derive the optimal staffing levels by solving a fluid optimization problem instead.

Our modelling approach is close to Bassamboo et al. (2010) who derive optimal staffing policies
with uncertain arrival rates. However, it is important to emphasize that the distinction between
uncertainty in input (arrival rates) and uncertainty in supply (number of servers) is not a minor
technical point. Indeed, in capacity planning, the appropriate staffing level typically consists of a
nominal capacity requirement and an additional capacity hedge against exogenous uncertainty.
With self-scheduling servers, variability is endogenous because the distribution of the random
number of available servers depends, itself, on the selected pool size. For example, with endogenous
uncertainty, staffing a larger pool could also lead to increased variability and, potentially, a worse
service level in the system. Thus, it is unclear, a priori, what the optimal staffing policy should
be, and whether it would have a similar structure as with exogenous uncertainty. Indeed, we will
demonstrate that the optimal staffing policy in systems with endogenous uncertainty, i.e., in supply,

gives rise to different hedging regimes than with exogenous uncertainty, i.e., in demand.

1.2. Main Contributions
Here is a summary of the main theoretical and managerial contributions of this paper.

e We derive optimal staffing policies based on fluid and stochastic-fluid approximations with
time-varying demand, and rigorously justify their accuracies by quantifying their correspond-
ing errors in large systems. In particular, we demonstrate that stochastic-fluid approximations
are “extremely” accurate, especially when the magnitude of uncertainty in supply is large.

e For the optimal staffing policy, we distinguish between four regimes, depending on the mag-
nitude of variability of the random number of servers. Letting n denote the expected number
of servers, and o, = an?, for a > 0 and 0 < ¢ <1, its standard deviation, the four regimes
that we identify are: (i) variability-dominated, for 0 < ¢ < 1/2, where there is no concrete
benefit from an uncertainty hedge over the regular square-root staffing hedge; (ii) “moder-
ately” uncertainty-dominated, for 1/2 < ¢ < 3/4, where the uncertainty hedge embodied in a
simple newsvendor-problem-based solution, which ¢gnores the dependence between variability
in supply and staffing prescription, i.e., approximates o, by o/, where X is the arrival rate
and p is the service rate, is extremely accurate; (iii) “strongly” uncertainty-dominated, for
3/4 < q <1, where there is additional benefit from using an uncertainty hedge which accounts
for the dependence between variability in supply and staffing prescription, i.e., where using

the simple newsvendor-problem-based solution above leads to a considerable loss in accuracy;
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and (iv) “extremely” uncertainty-dominated, for ¢ =1, where the uncertainty hedge account-
ing for that dependence is on the order of the mean number of servers (in the first three
regimes, it is of a smaller order than the mean), so that the system can be either underloaded
or overloaded. In this case, using the simple newsvendor-problem-based solution above also
leads to a considerable loss in accuracy.

We illustrate those theoretical contributions in Figures 1 and 2. Our objective for now is to
convey key insights, so we keep our exposition here at a high level. In Figure 1, we consider a
queueing system with a random number of servers and a single period. We plot three curves:
The optimal staffing policy, i.e., the cost-minimizing prescription for the staffing problem
specified in §3, the simple newsvendor-based solution which ignores the dependence between
variability in supply and staffing prescription, and the refined solution which accounts for that
dependence. Figure 1 illustrates that, while the newsvendor-based and refined solutions are
almost indistinguishable in the variability-dominated and moderately-uncertainty-dominated
regimes, they are considerably different when the level of uncertainty in supply is sufficiently
large. For example, for the choice of parameters in the figure, the percent error for the newsven-
dor solution, relative to the optimal solution, is over 20% and, for the refined solution, it
is less than 1%. Naturally, the staffing levels in the figures depend on our specific choice of
parameters. Nevertheless, we deliberately include those numbers in the figures to illustrate
the considerable differences between the alternative staffing prescriptions. In other words, we
see that there can be significant loss in accuracy when ignoring the dependence between vari-
ability in supply and capacity prescription. However, this is not the case when considering
staffing decisions in queueing systems with other forms of parameter uncertainty, e.g., with
random arrival rates, as we illustrate in Figure 2. In Figure 2, we keep the same parameters as
in Figure 1, and consider the same distribution for the random arrival rate as for the random
number of servers in Figure 1. It is shown in Bassamboo et al. (2010) that the staffing policy
with a random arrival rate gives rise to two regimes (instead of the four regimes above),
variability-dominated, for 0 < ¢ < 1/2, and uncertainty-dominated, for 1/2 < ¢ < 1. In the
uncertainty-dominated regime, a simple newsvendor-problem-based capacity prescription is
extremely accurate for all values of ¢; moreover, it is increasingly accurate for more variable
demand, i.e., as q increases. Those two regimes are illustrated in Figure 2.

Finally, through a numerical study, we examine the impact of randomness in supply on the
quality of service experienced by customers. A well-known maxim in service science is that
“variability hurts in queueing”. Thus, we would expect that customers will be disadvantaged
by supply-side uncertainty. That is, we would expect that customers will be worse off with a

more variable pool of servers. We illustrate that the impact of variability in supply is actually
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more intricate, and that it need not hurt customer-service levels. In fact, those levels may

actually improve with increased variability in supply. This is the case when all else is fixed in

the system, including the pool size, and only variability in the number of servers is increased.
We also investigate, numerically, the impact of blending on the quality of service offered to
customers. We do so by comparing a blended system to systems where the manager relies on
strictly one of the two resources, and where optimal staffing decisions are made in each system.
We find that blending the workforce usually leads to a more “balanced” level of service.

The rest of this paper is organized as follows. In §2, we review the relevant literature. In §3, we
formulate our capacity-sizing problem, as well as its stochastic-fluid and fluid relaxations. In §4,
we consider the fluid approximation. In §5, we consider the stochastic-fluid approximation. In §6,
we quantify the impact of supply-side uncertainty on the quality of service offered, i.e., we take the
perspective of customers. In §7, we consider a general (not exponential) distribution for patience

time. In §8, we draw conclusions. We relegate all proofs to the Appendices.

2. Related Literature

Our paper is part of the literature on controlling queueing systems under parameter uncertainty;
e.g., see Harrison and Zeevi (2005) and Bassamboo et al. (2010). Our paper is also broadly related
to the extensive literature analyzing asymptotics of many-server queueing systems with impatient
customers (e.g., see Garnett et al. (2002), Zeltyn and Mandelbaum (2005), Whitt (2006a), Bas-

samboo and Randhawa (2010)), and to the large literature on optimal staffing decisions in service
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systems (e.g., see Maglaras and Zeevi (2003), Borst et al. (2004), Bassamboo et al. (2005)). How-
ever, none of those papers considers a random number of servers. Whitt (2006b) studies staffing
decisions in many-server queues with an uncertain arrival rate, an uncertain number of servers,
and a single period. Here, we go beyond the fluid approximation of that paper, and study optimal
staffing policies in multiple periods where we may have both fixed and flexible servers. Atar (2008)
derives a diffusion limit for the number of customers with a random number of servers and random
service rates. However, the staffing question is not addressed in that paper.

Our work is also related to papers on nurse staffing with absenteeism, such as Green et al. (2013)
and Wang and Gupta (2014), however our asymptotic mode of analysis is different, as well as
our consideration of a blended workforce. Our work is also related to the literature on volunteer
operations, e.g., harvest gleaning operations, where the managers of such systems are also faced
with the uncertain availability of volunteers; see Ata et al. (2018) and references therein. However,
this stream of papers does not consider the problem of blending both certain and uncertain supplies,
and typically focuses on a binomially-distributed number of servers.

This paper is most closely related to recent papers on queues with a self-scheduling capacity.
Gurvich et al. (2018) were the first to study the operational management of systems with self-
scheduling agents. They consider a profit-maximizing firm which has three different levers of agent
control at its disposal: the pool size, a cap on the number of allowed agents, and the compensation
paid to agents. Ibrahim (2018) studies the capacity-sizing problem with a binomially-distributed
number of servers and impatient customers, and proposes using delay announcements as an effective
control in systems with self-scheduling agents. However, both Gurvich et al. (2018) and Ibrahim
(2018) rely solely on fluid approximations of the system, and do not consider a blended workforce.

More generally, there is a growing stream of literature on the management of on-demand service
platforms, e.g., see Ozkan and Ward (2018), Hu and Zhou (2018), Taylor (2018), and Cachon et al.

(2017). Our work compliments that line of literature.

3. Capacity Sizing in an On-Demand Service Platform
In this section, we describe our modelling framework and formulate the capacity-sizing problem

faced by the system manager.

3.1. Queueing Model

We consider a single-class M /M /N + M queueing model, with a random number of servers N.
For now, we do not distinguish between fixed and flexible capacity; we will do so later when
investigating optimal staffing decisions in the system. Service times are independent and identically
distributed (i.i.d.) exponential random variables with rate p. Customers are impatient, and their

patience times are i.i.d. exponentially distributed with rate 6. Customers are processed in the order
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in which they arrive, i.e., we use the first-come-first-served discipline. The total number of servers,
N, including both fixed and flexible servers, is a nonnegative integer-valued random variable. The
arrival, service, and abandonment processes are all mutually independent, also independent of N.

Abandonment makes the system stable, even when N is random (Whitt 2006b). Specifically,
conditional on a particular realization of N, a proper steady-state distribution always exists. Sta-
bility with a random N follows by conditioning and unconditioning on N. In this paper, we focus
on steady-state performances throughout. We assume that there are k periods, and that period ¢
has length T;. The different periods may correspond to different work shifts in a single day, e.g.,
morning, afternoon, and evening shifts, or to successive days, weeks, months, etc., depending on
the time scale at which the manager decides on her staffing requirements. The arrival rate of the
Poisson arrival process in period ¢ is given by A;. We fix A > 0 and let A\; = A\§;, where &; > 0 for
each 7. We index all relevant quantities by A, to indicate dependence on the arrival rates. In our

asymptotic analysis, we let A grow without bound while keeping each &; constant.

3.2. A Random Number of Servers

We assume that the pool sizes of flexible agents may vary across periods, i.e., they can be scaled
to meet seasonal demand fluctuations. In contrast, we assume that the number of fixed servers is
fixed throughout the horizon'. Let m, denote the number of fixed servers, and nf denote the total
pool size of flexible servers in period . Let Ny, (n}) denote the random number of flexible servers

who show up in period i, which depends on n}. Without loss of generality, we assume that
Niiea(n3) =i + €ni (1)

where E[Ny.,(n})] = 1y and €, is a random variable with ]E[eniA ] =0 and Vaur[eniA ] =02,. The
A
total number of servers in period ¢ is given by:

N(mx,ny) = my + Nyiea(ny) =m0 + 0,0 + €. (2)

In (2), we ignore the integrality assumptions on my, ny, and N(my,ny): This is reasonable when
the system is large, which is the case of primary interest to us. We also note that the expected
queue length expression for the Markovian Erlang-A queueing model can be extended to real values
of the number of servers (Mandelbaum and Zeltyn 2007), i.e. the staffing problem faced by the
manager is defined for both integer and non-integer values of m, and n,.

1 We also considered an alternative setup where fixed workers are not required to show up in every period and are,

instead, subject to a requirement on the minimal number of periods during which they must be available. The main
insights that we obtain under either modelling framework are similar.



Author: Staffing Systems with a Blended Workforce
8 Article submitted to ; manuscript no. (Please, provide the manuscript number!)

3.3. Binomial Model and Extensions
In this paper, our aim is to characterize the manager’s optimal staffing decisions, i.e., what m, and
n’ in (2) should be. To be able to do so, we must relate the show-up decisions of flexible workers,
in the pool of size n}, to the distribution of Ny, (n%) in (1). Since different agent show-up models
may be appropriate, depending on the specific application context in mind, we do not attempt here
to propose a single model to “fit all” settings. Instead, we explore how different agent-participation
models, which may emerge in practice, impact the distribution of Ny, (n}). We are especially
interested in quantifying the resulting order of magnitude for ‘7721; because, as we will demonstrate
later, this variance term strongly affects the structure of the optimal staffing policy.

For ease of exposition, we focus here on a single period; thus, we drop dependence on i. For

1 <j < n,, we define the Bernoulli random variable I; =1 if agent j is available for work, and

I; =0 otherwise. Then, Ny, (n,) in (1) can be written as follows:
nx
Npeo(na) =Y 1. (3)
j=1

The classical Binomial model. We begin by assuming that I, in (3) are i.i.d. Bernoulli random
variables with a constant and deterministic success probability p; e.g., as in Ibrahim (2018). In
this case, it is readily seen that Ny, (ny) has a binomial distribution with 7, =n,-p and afu =
ny - p(l —p). In particular, o,, is on the order of magnitude of \/ny. That is, the magnitude of
uncertainty in the number of servers is of the same order as stochastic variability in the system.

Despite its analytical tractability, the classical Binomial model has several shortcomings; thus,
there is a need to consider alternative models as well. For example, it assumes that each agent
makes her participation decision independently of other agents. In practice, agent decisions typi-
cally exhibit correlations, e.g., because of coordinated joining and leaving decisions facilitated by
social-media platforms®. Such correlations lead to over-dispersion, i.e., additional variability, com-
pared with the classical Binomial model. For another example, joining probabilities may be neither
homogeneous across agents, nor deterministic. Indeed, Chen et al. (2017) provide empirical evi-
dence that each Uber driver faces a hierarchy of random, unforseen, shocks, e.g., linked to weather
conditions or promotional events from ride-sharing competitors. A labor supply decision, for each
driver, depends on specific (independent across drivers) heterogeneous realizations of those shocks.
Thus, ex-ante, the show-up probability of an agent is, itself, a random variable, which also leads

to over-dispersion. We now describe extensions to the Binomial model to capture such properties.

Zhttps://warwick.ac.uk/newsandevents/pressreleases/uber_drivers_are/
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Correlated Bernoulli sequences. We begin by describing a model for capturing correlations
between agent joining decisions, i.e., I; in (3). While modelling correlated Bernoulli sequences is not
new, our intention here is not to provide an exhaustive review of the relevant literature. Rather, we
show how one intuitively appealing model, the Generalized Binomial model proposed by Drezner
and Farnum (1993), could be used to explain different orders of magnitude for o2 .

We begin by assuming, without loss of generality, that agent j is the j* agent in the pool of size
ny to make a joining decision. We define I; = (1/5) i:1 I}, and let F; be the o-field generated by
the history {Ii,...,I;}. As in Drezner and Farnum (1993), we assume that

P(Ij 1 =1|F)=(1—-a)-p+a-I, (4)

for some probability p and « € [0,1). In other words, (4) assumes that an agent’s joining decision
is a convex combination of p and the relative frequency of agents who have already joined. In
particular, if I; > p (< p), then P(I;;; =1|F;) > p (< p). That is, the more agents join, the more
likely it is that additional agents will join as well. We also note that letting & =0 in (4) allows us to

retrieve the classical Binomial model. Heyde (2004) derives asymptotic properties for the variance,
2

o, implied by (4). In particular, as n) — oo, the following is shown to hold®:
(1—p)n
B for a < 1/2,
02)\ ~ p(l—p)nklog(nA) for a:l/Q’ (5)
(17 )n2a
m for a>1/2.

Based on (5), we note that for o >1/2, 0, is of a larger order of magnitude than \/ny, i.e., this
model allows for over-dispersion relative to the classical Binomial model. We also note that this
case corresponds to Bernoulli sequences with long-range dependence (Heyde 2004). Asymptotic
properties of Bernoulli sequences with more general long-range dependence structures can also be
found in Romano and Wolf (2000).

A random joining probability. For an alternative extension of the classical Binomial framework,
we could also assume that for each period, the joining probability is a random variate drawn
from a distribution P,, with E[P, ] = p. Given P,, = p’, each agent makes a joining decision
with probability p’, independently of other agent. In this case, the expected number of agents
who are available is 7,,, = E[E[Nyjco(n2)[Pn,]] = na - E[P,,] = nap, and its variance is given by the

conditional variance formula:
an, = Var[Nyie: ()] = E[Var[Nyies (n2)[Pn, ]] + Var[E[Nyie: (n2) [P, ]
=ny E[P,, (1 —P,,)] +n3 - Var[P,,].
It is readily seen that the order of magnitude of o,, depends on the distribution of P,,. For
example, if Var[P,, ] > ¢ for some ¢ > 0, then o, is on the order of magnitude of n,.

3 We write A,, ~ By, if g” —1 as n— oo.
n
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3.4. This Paper’s Model

In §3.3, we considered alternative agent show-up models which may arise in practice, and illustrated
how different modelling assumptions lead to different orders of magnitude for o,,, . This is important
because, as we will demonstrate in subsequent sections, o, plays a central role in the optimal
staffing policy. However, we emphasize that the fine detail of those specific agent show-up models are
of secondary importance for our purposes. Thus, we directly make assumptions on the distribution

of N(my,n?) instead. In particular, we consider, hereafter, the simplified model:
N(mk,nf\):mxﬁ-nng—i-anni €, (6)
A

for i.i.d. random variables —1 <¢; <1 with E[¢;] =0, that do not depend on n}. We assume that
€; has a strictly positive probability density function (pdf), f., on (—1,1). Thus, its cumulative
distribution function (cdf), F., is invertible on that domain. For simplicity of exposition, we also
assume the specific form o, = an?, for some a >0 and 0 < g < 1. For ¢ =1, we also impose that
a <1 to ensure that Ny.,(n,) > 0. Based on (6), we can express the manager’s staffing decisions
directly in terms of my and the expected number of flexible servers available in period 4, M, - We
assume that 7, is strictly increasing in n. Thus there is a one-to-one correspondence between the
pool size of flexible servers, n}, and M, » SO that those staffing decisions could also be equivalently
formulated in terms of n} instead. For example, in the three agent models proposed above, it holds
that i, = n} - p. By a slight abuse of notation, and for ease of exposition, we denote the expected
pool size by nj for the remainder of this paper. In other words, we will consider the following

model, which is equivalent to (6):
N(ma,ny) =my+ny +0, €, (7)

where the manager’s objective is to determine cost-effective m, and n}, as we explain next.

3.5. A Long-Term Staffing Problem

In this paper, we consider the long-term staffing question that the manager faces, in the initial
planning stage. In practice, managers must make staffing decisions ahead of time to allow for agent
training. The timeline of decision-making is as follows: At time zero, i.e., the initial planning stage,
the manager makes a staffing decision on the flexible pool size n’ for each period i or, equivalently,
on the average numbers of flexible agents desired, and the fixed pool size m. Then, at the beginning
of each period i, the staffing level realizes, i.e., we observe a specific realization, N(m,n’) = s’
which is drawn from the distribution of the random variable N (m,n?). For the remainder of period
i, the system operates like a Markovian Erlang-A queueing system with s’ servers. We assume

that the arrival rate, \;, is deterministic and constant for each period. We also assume that \;
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is known, a priori, to the manager, e.g., it is calculated based on demand forecasts which are
made at time zero. Note that, with a deterministic A;, the optimal staffing level would remain the
same so long as the manager must decide on her staffing level, n’, before the start of period i *.
Notice that stochastic variations that impact system behavior on the short-time scale, for given
model parameters, are less important when uncertainty is introduced on a longer time scale, i.e.,
in the model parameters themselves. This motivates us to look at the stochastic-fluid optimization
problem which ignores stochastic variability.

Consistently with Bassamboo and Randhawa (2010) and Bassamboo et al. (2010), we consider
two customer-related costs: (i) A delay cost, h, per customer for each unit of time that this customer
spends waiting to be served, and (ii) an abandonment penalty cost, 7, incurred per customer who
abandons before being served. The per unit of time staffing costs are given by cy;, for a fixed server,
and ¢y, for a flexible server. Throughout, we assume that cyjeq,cpir < (h/0 + 7)p. This ensures
that the fixed and flexible resources are cheap enough to avoid pathological cases where the system
manager would not staff any of the two resources. Without loss of generality, we assume that the
alternative periods are numbered in order of increasing \; values, i.e., \; < \; for ¢ < j. In other
words, we re-index the different shifts so that the A; values are ordered.

We let Q'(my,ni) and Z(m,y,n}) denote the steady-state queue length and steady-state rate of
customer abandonment in period i. We let X?(m,, n}) denote the steady-state number of customers

in the system, in period 7, so that:
Q' (ma,n) = (X' (ma, n3) — N(ma,n}))7,
where 7 = max{z,0}. With exponentially-distributed patience times, it is also well known that:
E'(ma,ny) = 0-E[Q"(ma,n})],

where 6 is the rate of the patience-time distribution (Mandelbaum and Zeltyn 2007). Letting

ny = (nl,...,n%), the system manager’s long-run staffing problem is given by:
min Iy (my,n}) (8)
my,n)

I
e

T; (ctizma + Cpieany + h-EIQ (M, n})] + 7 E(my,n})),

i=1

|

T; (Cfizm)\ + Cprean’y + (R /0 +T)E[E(m,\,nf\)]) ,

=1

4In some applications, we could also consider the case where additional information could be gathered to yield
improved demand forecasts as we get closer to the start of the period. In that case, we may want to update our
staffing decision over time. As flexible servers may be more flexible to call upon in the last minute, these servers will
bring an extra layer of benefit. This case is beyond the scope of the current paper.
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k
— ZE (cfil.mA + Cpieany, + (h+10)E[Q" (M, nf\)]) ,
=1

The problem formulation in (8) is prohibitively difficult to solve in closed form, because our
choices of m, and n} affect the distribution of the number of servers which, in turn, affects the
distributions of the queue-length, ), and the abandonment rate, =. We next formulate a stochastic-
fluid (ignoring stochastic variability) relaxation and a fluid (ignoring both stochastic variability

and parameter uncertainty) relaxation of (8).

4. Fluid Approximation
We are now ready to formulate the fluid relaxation of our problem. For this, we ignore both
uncertainty effects and stochastic fluctuations in the system. In particular, the fluid abandonment
rate in our problem is given by (\; — myu —niu)", which is obtained by substituting the random
number of servers, N(my,n}), by its expected value, my +n}. This leads to the following:
k
gl}}x I, (my,nk) = Zﬂ (cﬁmmA + Cfrean + (Z +r) i ()\Z-/,u —my — n;)+) , 9)
i=1
Given its simple form, the fluid approximation in (9) is appealing, provided that it does not entail

a significant loss in accuracy. Next, we characterize when that is indeed the case.

4.1. Optimality Gap
We now study the accuracy of the fluid staffing prescription in (9), in a regime where the arrival
rate, A, is large. For ease of exposition, we focus here on a single-period setting or, equivalently, the
stationary-demand case, and relegate the generalization to the multi-period case to the Appendix
(8A.3). Thus, we drop for now the dependence on the period’s index, i. Let (m3},n}) denote the
optimal staffing levels to the original staffing problem in (8). Let (my,n,) denote the optimal
solution to the fluid relaxation in (9). In what follows, we will need the following definitions.
DEFINITION 1. Let f and g be two functions defined on some subset of R. Then, as n — oo,
(a) f(n)=0(g(n)) if there exists M >0 and C > 0 such that |f(n)| < M|g(n)| for n > C;
(b) f(n)=o0(g(n)) if for any & > 0, there exists N (&) such that |f(n)| <&|g(n)| for all n > N(§);
(¢) f(n)=0©(g(n)) if there exist M >0, L >0 and C > 0 such that L|g(n)| < |f(n)| < M|g(n)| for
n>C.

We are now ready to state the main theorem of this section.

THEOREM 1. For large A,
H)\(mk,ﬁ,\) = H,\(mf\,nf\) +0 (max {UﬁA7 \/X}) )

z'.e., ’Lfﬁ)\ = @()\), then H,\(’I’NTLA,?:L/\) :H,\(mf\,nﬁ) +0 (max{a,\, \/X}) .
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Theorem 1 shows that the accuracy of a first-order fluid approximation degrades as the uncertainty
in the number of servers increases. In particular, when o, is “small”, i.e., of an order which is smaller
than the square-root order of stochastic fluctuations in the system, the optimality gap for the fluid
solution is on the order of stochastic fluctuations in the system, i.e., (’)(\&) However, when o is
“large”, i.e., of an order which is larger than the square-root order of stochastic fluctuations in the
system, fluid approximations may lead to a considerable loss in accuracy.

Numerical example. We illustrate the results of Theorem 1 in Figures 3 and 4. In these figures,
we let Nyep(ny) = na + 0,,€ and assume that e has a uniform distribution, € ~ U(—1,1). We
consider o,, =n? for ¢ =1/4,1/2, and 3/4. We let cfe =1/3, ¢piy =1/2, and p=h=p=0=1.
Solving (9), we obtain m, =m} =0, i.e., there are no fixed servers at optimum. In Figure 3, we
plot the scaled staffing-level errors, between the fluid and original solutions, |n} — 7,|/vV/A, as A
increases. In Figure 4, we plot the corresponding relative percent errors in the objectives, i.e., we
plot 100 - [II(n,) — II(n})|/II(n}). Figure 3 illustrates the orders of magnitude for the asymptotic
accuracy of fluid prescriptions, as given by Theorem 1. In particular, the fluid approximation’s
accuracy degrades as the level of uncertainty in the number of servers increases. Figure 4 illustrates
how the differences in staffing levels impact the respective objective values: While all solutions
improve in accuracy as A increases, the fluid approximation is considerably worse for larger values

of ¢, which correspond to the uppermost curve in the figures.



Author: Staffing Systems with a Blended Workforce
14 Article submitted to ; manuscript no. (Please, provide the manuscript number!)

4.2. Optimal Solution

For the derivation of the optimal solution, it is useful to define the “modified” cost:

k
=1 Li

o = Cin - z:;;l for h > 1. (10)
i=h Ti

We are now ready to describe the optimal solution to the fluid staffing problem. This solution

depends on both the staffing costs and the lengths of the individual periods, as follows.

LEMMA 1. The solution to the fluid problem in (9), with time-varying demand, is given by

my =0, for kg =0,

_ A

my = % for kg >0,

ns =0, for 1 <i <k,

L A=A .

n&szU, for kg <i <k,

where ko is defined as follows:
ko = 0’ Zf Cfle:c < Cfiacy
T Y max{1<h<k:cpe, > hin}, otherwise.

Lemma 1 coins the advantage of staffing a pool of flexible agents: Such a pool can be dynamically
adjusted to meet seasonality in customer demand. The only case where the manager would staff
fixed servers is if ¢y, > Cfig, i.€., they are cheaper. However, even in this case, she may still staff
the more expensive flexible servers, i.e., she would blend her workforce, unless fixed servers are
“very” cheap, e.g., if ¢, < %cﬂw. The general form of the optimal staffing policy in Lemma
1 shows that a manager who blends should rely solely on the fixed resource in the low-demand
periods, and blend in the high-demand periods. The extent to which the manager should rely on the
fixed resource only depends on the cost of that resource: The cheaper the fixed resource, the more
periods the manager relies strictly on that resource, i.e., does not resort to blending. While the
optimal solution to the fluid staffing problem is readily obtainable and easy to interpret, Theorem
1 shows that it may not be reliable when uncertainty in the number of available servers is large.

Thus, there is a need to consider a more refined approximation, which we do next.

5. Stochastic-Fluid Approximation

In this section, we define the stochastic-fluid approximation to the original staffing problem in (8).

We then quantify the optimality gap entailed, and derive the optimal stochastic-fluid solution.
For the stochastic-fluid relaxation, we ignore stochastic fluctuations in the system. In particular,

customers arrive in period ¢ at the rate of A; per unit of time. The processing capacity is N (my,ny)u
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and, by conservation of flow, the resulting stochastic-fluid abandonment rate is given by (\; —

N(my,ny)p)". Thus, the resulting stochastic-fluid approximation to (8) is:

!
_ . . 1 )
min IT(my,n}) = ZT, (cfixmA + Crean’s + (h+10) EE [()\i — N(my,n}) ~u)+]> , (11)
=1

m)\,n;
i - (h . +
— ETZ (cfimmA + Cfrea\ + (0 +7“> uE [(x\i/u—mA —nj —aniei> })

i=1
5.1. Optimality Gaps

Paralleling Theorem 1, we now study the accuracy of the stochastic-fluid staffing prescription in
(11), in a regime where the arrival rate, A, is large. We focus here on a single-period setting as
well, and relegate the generalization to the multi-period case to the Appendix (§A.3). Recall that
(m},n}) are the optimal staffing levels to the original staffing problem in (8). Let (m,,n,) denote

the optimal solution to the stochastic-fluid relaxation in (11).

THEOREM 2. For large A,
I, (17, 7in) = Iy (%, nl) + O <min {A/%, \FA}) :

i.e., if iy =0O(N), then I\ (my,ny) =1 (m},n}) + O (min{)\/(j)\,ﬁ}) .

When o is “large”, i.e., of an order which is larger than the square-root order of stochastic fluctua-
tions in the system, stochastic-fluid approximations are remarkably accurate. Indeed, the optimality
gap for the stochastic-fluid solution is on the order O(A/o,). In other words, the stochastic-fluid
approximation becomes increasingly accurate as the variability in the number of servers increases.
On the other hand, when oy is “small”, i.e., of an order which is smaller than the square-root order
of stochastic fluctuations in the system, the optimality gap for the stochastic-fluid solution is on
the order of stochastic fluctuations in the system, i.e., (’)(\A) In other words, when the variability
in the number of servers is small, there is no distinct advantage from using stochastic-fluid approx-
imations over fluid approximations to the system (cf. Theorem 1). This implies that a first-order
fluid approximation is sufficiently accurate in that case.

Numerical example. We illustrate the asymptotic results of Theorem 2 in Figures 5 and 6. In
these figures, we compare the optimal stochastic-fluid solution, 7, to the optimal solution of the
original problem, n}. We consider the same system parameters as in Figures 3 and 4. In contrast
with the fluid solution, Figures 5 and 6 illustrate the improvement in accuracy for n, as the
uncertainty in the number of servers increases. Indeed, for o,, = n*/* (bottom curve in the plots),
n} and 7y are practically indistinguishable. For o, =n? and ¢ < 1/2, comparing Figures 3 and 5
reveals that the improvement in accuracy entailed in refining the fluid solution, and relying on the

stochastic-fluid solution instead, is asymptotically negligible.
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5.2. Optimal Solution

Contrasting Theorems 1 and 2 quantifies the improvement in accuracy which is entailed in refining
the fluid solution, and relying on the stochastic-fluid solution instead. There remains to investigate
the structure of the stochastic-fluid staffing policy, to which we devote this section. In Theorem
3, we derive the optimal solution to a stochastic-fluid problem with a single period. Then, we
demonstrate how the solution to the multi-period stochastic-fluid problem in (11) can be derived
by solving appropriate single-period stochastic-fluid problems instead. Building on this fact, we

derive the optimal solution to the multi-period stochastic-fluid problem in Theorem 4.

5.2.1. Solution to the Single-Period Problem. In this section, we present the solution to
the single-period stochastic-fluid problem. Our main theorem in this section is Theorem 3, where
we show that uncertainty in supply gives rise to four regimes, depending on the magnitude of
variability in the number of servers. Indeed, when supply is uncertain, the variability of the random
number of servers depends, itself, on the staffing prescription. The question is, then, whether
ignoring that dependence, i.e., substituting o, in (7) by o0,/,, would lead to an asymptotically
non-negligible loss in accuracy, i.e., to errors that are of a higher order of magnitude.

If we substitute o, in (7) by 0, then the staffing problem in (11) becomes a standard newsven-
dor problem. We show that if variability in supply is “small” or “moderate”, then there is no loss
of accuracy entailed in doing that substitution. This corresponds to cases I and II in Theorem

3, where we show that the solutions to simpler problems, such as a fluid problem in case I, or a
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standard newsvendor problem in case II, yield the same optimality gap as the exact solution to
(11). In contrast, if variability in supply is “strong” or “extreme”, then there is loss in accuracy
when ignoring that dependence. This corresponds to cases III and IV in Theorem 3, where the

newsvendor prescription described above performs poorly. For expositional ease, let:
p=(h/0+7)p. (12)

For now, we will assume that there is only one type of resource: flexible. Later, we will include the

fixed resource in our problem as well. Thus, our stochastic-fluid problem can be written as:

min 11y (ny) = cfreana + 8- E[(N/ 1 —ny — o, €)7]. (13)

’IL)\ZO

Here is our main theorem.

THEOREM 3. For the solution of problem (13), we let o, =an?, for a >0 and 0 <q <1, and

distinguish among four cases:

(1) [Variability-dominated.] If 0 < q <1/2, we set ny = \/p. In this case, we have
I, (72y) = Iy (n%) + O(VA).

(II) [Moderately uncertainty-dominated.] If 1/2 < q <3/4, we set ny =X/ p+yjox,., where
Yy =—F ' (cpiex/B) 1is the solution to:

mincyicy + AE[(~y— )] (14
for B in (12). In this case, we have
IL(7x) = (n}) + O(A/01).
(I1I) [Strongly uncertainty-dominated.] If 3/4 < q <1, then ny =\/u+yso4,, where ys solves:
min(eqiery + GEI(—y — ) sa(y), (15)
for sx\(y) =0n, () and nx(y) =N/ p+yo,, - In this case,
I\ (7)) =11 (n}) + O(A /o).

(1V) [Extremely uncertainty-dominated.] If ¢ =1 and 0 < a < 1, then ny = %7*, where v*
denotes the solution to

1/(av*)—=1/a 3 1 1
Cflex —l—ﬂa/ F.(u)du— —F, < - — ) =0. (16)
3 ~ ary a

In this case,
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We emphasize that in cases I and II, 71, is not the optimal solution to (13), but rather a simplified
solution which we prove yields, asymptotically, the same order of accuracy as the actual optimal
solution (cf. Theorem 2). In contrast, 7y in cases IIT and IV is the actual solution to that problem.
Indeed, simplifying as we did in the former cases would then lead to substantial errors. We quantify

the asymptotic order of magnitude for that loss in accuracy in the following corollary.

COROLLARY 1. Let 0, =an?, for 0 < q<1 and a >0, ny be the optimal solution to (13), and

ny be the optimal solution when o, in (13) is replaced by o;,. Then,
Iy (7)) — [T\ () = O(N*72).

It is also interesting to note that in case IV of Theorem 3, i.e., with ¢ =1, it may be beneficial to
underload or overload the system, i.e., to use an uncertainty hedge which is of the same order as
the expected number of servers. For example, we obtain from (16) that v* > 1, i.e., we underload,
if ¢fex <PBF.(0) — Ba ffl F.(u)du, i.e., capacity is cheap. This lies in contrast with all cases where
q < 1, since the uncertainty hedge is of a smaller order than the expected number of servers there.

Numerical evidence. We present numerical evidence substantiating the results of Theorem 3 in
Figures 7 and 8. The dashed curves in those figures correspond to the percent error in using the
solution from case (II) of Theorem 3 relative to the optimal solution of the original problem in
(8); the solid curves correspond to using the solution from case (III) instead. We let o,, = n? for
0 <¢<0.95, ie., we exclude case (IV) in the theorem, and assume that € in (6) is uniformly
distributed over (—1,1). In both figures, we assume that A\ =200, ¢, = 1/2, ¢ = 1/4, and
r=h=p=1. In Figure 7 we let 8 =1, and in Figure 8 we let 6 =2, which gives a smaller 3 as
defined in (12).

Clearly, there is considerable loss in accuracy in ignoring the dependence between the variability
in supply and the staffing prescription, particularly when there is considerable variability, i.e., ¢ is
large. This loss is also exacerbated for more impatient customers (Figure 8). However, when o, is
not too large (¢ < 3/4 in the figures, as in Theorem 3), there is no asymptotically discernable gain

from taking that dependence into account.

5.2.2. Solution to the Multi-Period Problem. We now derive the optimal staffing policy
for problem (11), by making use of the single-period results of the previous section. We consider two
cases, depending on o,,: Case 1, where o, =n? for ¢ < 1, and case 2, where o,, =an for 0 <a < 1. In
Theorem 4, we show that, when variability in supply is not too large (case 1), the optimal staffing
level consists of a base capacity which is the fluid-based prescription of Lemma 1, along with an
uncertainty hedge which is derived based on the single-period solution. However, when variability

is large (case 2), then we can no longer rely on the fluid-based prescription of Lemma 1. Indeed, in
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case 2, supply-side variability is on the same order as the mean number of flexible servers. As the
uncertainty hedge is now of the same order as A, it can be optimal to either overload or underload
the system, i.e., the ratio between the arrival rate and the mean service capacity is either strictly
smaller or strictly larger than 1; this is unlike all cases where g < 1. Moreover, when deciding which
resource to staff from, we have to add a “risk premium” on the cost of flexible servers, i.e., even if
flexible servers are cheaper, we may still use the fixed resource instead.
Recall that (my,n,) denotes the optimal solution to the fluid relaxation in (9) and (my,n,)

denotes the optimal solution to the stochastic-fluid problem in (11). We also define the function:

Fl(e/B)
glc)=c+caF " (c/B) - Ba/_l F.(u)du. (17)

THEOREM 4. For the solution of the multi-period problem in (11), there are two cases:
e Case 1. Variability-dominated, moderately and strongly uncertainty-dominated

regimes. If o, =an? for 0 < q<1 and a >0, then for my and ko as given by Lemma 1, the

optimal solution is:
My =My,

— For i <k, n}, =0,
— For i > kg, 7}, is the minimizer of the following single-period problem:

mg%cj»lemnA + BE[(Ai/pp— My —ny — 0, €)7],
nx=

as given by cases I, I, and III of Theorem 3, depending on the value of q.
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e Case 2. Extremely uncertainty-dominated regime. If 0, =an, for 0 <a <1, then for
in in (10) and g(-) in (17), let:

by — 0, lf Cflex < g(cfim)
P Y max{1 <h<k:cpe, > g(chi,)},  otherwise.

The optimal solution is:
— = Ay, /1
— For i<k, n\ =0,

— For i > ky, % is the minimizer of the following single-period problem:
mi>%cflexn,\+BE[()\,-/u—m,\—nA—anA6)+], (19)
’I’IA7
as given by case IV in Theorem 3.

Recall from Lemma 1 that the optimal solution to the fluid problem is to rely strictly on the fixed
resource in lower-demand periods, up to some period index ky, and to blend resources in higher-
demand periods. Theorem 4 shows that the optimal staffing policy for the stochastic-fluid problem
has a similar structure when o, = an? for ¢ < 1. Indeed, in lower-demand periods, up to period kg,
the manager should also rely strictly on the fixed resource. Moreover, the optimal staffing level for
the fixed resource in the stochastic-fluid problem remains the same as for the fluid problem, i.e.,
my =my and 7y =0 for ¢ < ky. In higher-demand periods, i.e., periods whose index exceeds kg, the
manager should blend her workforce. However, the staffing levels for the flexible resource in the
stochastic-fluid problem are potentially different than those given by the fluid solution in Lemma
1. In particular, for each period, we must solve (18), as in Theorem 3. This adds an uncertainty
hedging to the flexible server pool.

Similar insights hold when o, = an, for 0 < a < 1, where it remains optimal to rely on the fixed
resource in low-demand periods and to blend in high demand periods. However, the fluid-based
prescription of Lemma 1 could lead to substantial errors in this case. In particular, the period
indices kg and k; in cases 1 and 2 of Theorem 4 may be different, and we may have k; > ky. For
example, with all other parameters held equal, it may be optimal to rely on the flexible resource
in case 1 but not in case 2; we illustrate this in the following numerical study (see Figure 15 and
16 and the discussion in §6.3). We also note that g(c},,) < c},,, so that there is a “risk premium”

that is incurred on the cost of the flexible resource.

6. How is the Quality of Service Impacted by Uncertainty in Supply?
In this section, we describe results from a supporting numerical study. In particular, we take the
customers’ perspective and study the impact of supply-side uncertainty on the quality of service,

experienced by customers in the system.
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To measure the quality of service, we consider both the probability of delay and the expected
queue length, in steady state. It is customary to consider the probability of delay as a measure of
the quality of service, e.g., see Halfin and Whitt (1981) and Garnett et al. (2002). Indeed, in the
asymptotic regimes that arise at optimum for our staffing problem, the queue length is generally
small (of a smaller order of magnitude than the average number of servers), and the waiting time
negligible when the system is large enough. Thus, to study the impact of variability in supply on
the quality of service, it would be more appropriate to focus on the non-trivial probability of delay
instead. Nevertheless, we also consider the expected queue length for completeness.

A well-known maxim in service science is that “variability hurts performance” (Daskin 2011). In
other words, we anticipate that, for a fixed agent pool size, a more variable supply should lead to
worse performance in the system, i.e., a larger probability of delay and longer delays on average. In
this section, we illustrate that the impact of variability in supply is more intricate, and may lead
to either an improvement or deterioration in the quality of service, depending on system specifics
as well as the quality-of-service measure considered.

In §6.1, we consider the case where the agent pool size is fixed, i.e., held equal to some n > 0. We
consider alternative values for the variance of the number of available agents. We illustrate that, as
that variance increases, the probability of delay may either increase or decrease, depending on the
specific value of n that is selected, whereas the average queue length generally increases. In §6.2, we
assume that the manager adjusts her pool size, in an optimal manner, as that variance increases.
In particular, we let n be equal to the cost-minimizing staffing level. We make similar observations
in this case as well. In §6.1 and §6.2, we focus on systems where the agent pool consists only of

flexible agents. Then, in §6.3, we consider a blended system.

6.1. Fixed Pool Size

We begin by fixing the flexible agent pool size, n. For the random number of flexible agents, we
assume that N(n)=n+ oe, where € is uniformly distributed over (—1,1), i.e., N(n) ~U(n—o,n+
o). In other words, each fixed value of n corresponds to a different distribution for N(n). Also, for
each n, N(n) is more variable for a larger o.

To illustrate the effect of o on the quality of service, we consider two values: o; = 10 and o5 = 40.
We consider the M/M/N(n)+ M system where we let the arrival rate A = 100 and the service
rate u=1. We let the abandonment rate # = 1. For each value of n, and other parameters held
fixed, we condition (and then, uncondition) on the random number of servers, N(n). In particular,
conditional on a specific realization of the random variable N(n), we numerically calculate the
corresponding value for the probability of delay, in steady state. Then, we take the expected value

(i.e., we average over realizations) by numerically integrating over the uniform distribution of N (n).
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Thus, we obtain values for the probability of delay, P(W(n) > 0), as a function of n. Similarly, we
obtain values for the expected queue length, E[Q(n)]. We plot curves for E[Q(n)] and P(W (n) > 0),
as a function of n, in Figure 9. Each point on those curves corresponds to a fixed value of the
flexible pool size, n.

Figure 9 illustrates that for small values of n (e.g., n < 100 in the figure), P(W(n) > 0) is smaller
when the variability in supply is larger. Indeed, the dashed curve, corresponding to o, = 40, falls
below the solid curve, corresponding to o; = 10, for such values of n. However, we observe the
opposite effect when n is large (e.g., n > 100 in the figure). This seems to suggest that when the
system is overloaded on average, variability in supply may help customers, on average. In this case,
customers are advantaged by large realizations of N(n). In the lower subplot of Figure 9, we plot
E[Q(n)]: We observe that E[Q(n)] is larger for a more variable supply (dashed curve is above solid
curve). We also note that the queue length is small for n > 100.

To further investigate the improvement resulting from increased variability in supply in a system
which is overloaded on average, we focus in Figure 10 on the case where N(n) =n + n? ¢, for
alternative values of 0 < ¢ < 1. In Figure 10, we calculate P(IW(n) > 0) and E[Q(n)] for each value
of ¢, but hold n =90 fixed, with other parameters kept as in Figure 9. Figure 10 illustrates that
as ¢ increases, P(W(n) > 0) decreases considerably, from over 0.85 for ¢ = 0.2 to below 0.6 for
g = 0.95. We ran similar experiments for systems that are underloaded on average, e.g., letting
n =110 instead. As expected, P(WW(n) > 0) then increases instead from about 0.2 for ¢ = 0.2 to
about 0.45 for ¢ =0.95. Figure 10 illustrates that E[Q(n)] increases as g increases.

We close this section by presenting some explanations, grounded in theoretic results, for the
numerical observations above. First, we note some properties of the expected steady-state queue
length and probability of delay, as a function of the number of servers, n, in an M/M/n + M
queueing system where n is deterministic. We conjecture, but do not provide a proof, that the
expected queue length is a convex function of n, whereas the convexity of the probability of delay
depends on the value of n. Particularly, the probability of delay is concave for n < A/, and
convex for n > A/ (see supporting Figures 21 and 22 in Appendix E.) We would expect that for a
performance measure that is a convex function of n, more variability hurts performance. However,
for a performance measure that is a concave function of n, more variability improves performance

. This is consistent with our numerical observations above: While the expected queue length

"TLet 0<q1 <2 <1, and N1 =n+n%e and N2 =n + n%e where E[¢] = 0. Then one can show that E[p(N1)] <
E[¢(N2)], for any convex function ¢(-). Indeed, we only need to prove that E[¢p(n? ~9%¢)] < E[¢p(e)] for any convex
@(-), and then the result follows as the composition of a convex function with a linear function is again convex.
Note that E[¢(n®~12¢)] = [ o(n"~%z) f.(z)dz < [((1 - n~1)$(0) + n"~6(x)) fu(x)dz < (1 — 1~ 2)E[p(e)] +
n " 2E[p(e)] = E[¢(€)], where we used Jensen’s inequality for ¢(0) < E[¢(e)].
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increases as variability in the number of servers increases, the monotonicity of the probability of
delay depends on whether the system is underloaded or overloaded, on average.

The numerical evidence above illustrates that the impact of variability in supply depends on the
size of the agent pool. Thus, it is natural to investigate that impact in the case where the manager

adjusts her pool size, optimally, in response to that variability in supply. We do so next.

6.2. Optimal Staffing Level

We now consider systems where the server pool size is according to the optimal staffing policy
(8). That is, compared with §6.1, the agent pool size itself now also changes with the level of
uncertainty in the number of available servers. We denote the optimal staffing level by n3(q) to
indicate, explicitly, its dependence on ¢. Building on the observations of §6.1, we highlight the
following two cases where the dependence on the variability in supply is not straightforward:

(i) ni(q) < A/p and is decreasing in ¢. In this case, we note that if n,(q) is held fixed, then
the probability of delay will decrease as ¢ increases. Now, as n}(q) also decreases in ¢, the
probability of delay may either decrease or increase in ¢. In particular, if n}(q) decreases very
slowly, then the probability of delay may still decrease in ¢q. However, if it decreases very
fast, then we expect the probability of delay to increase in ¢, because the system’s congestion
increases, on average, counteracting the improvement in performance observed with fixed
nx(q).

(ii) n3(¢) > A/ and is increasing in ¢. In this case, if n,(q) is held fixed, then the probability

of delay will increase in ¢, but now as n3(q) is also increasing in ¢, the probability of delay
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may either increase or decrease in ¢ depending on how fast nj(g) increases. Specifically, if

n}(q) increases very slowly, then the probability of delay may still increase in q. However, if

it increases fast enough, then the probability of delay will decrease in ¢.
We continue to assume that o, =n? for 0 < ¢ < 1. For the optimal staffing level n}(q), we numer-
ically solve the original problem in (8), where we let N(ny) =ny + 0,, - €, and assume that €
is uniformly distributed on (—1,1). We compute estimates for P(W(n}) > 0) based on the cor-
responding birth-and-death system equations, conditional on specific realizations for the random
number of servers N(n}); we then numerically integrate over the uniform distribution of N(n}).
We fix A =100 and =1, and consider two values of # to study the impact of customer impatience.
We also consider different values for the cost of the flexible resource, cf,. Our numerical study
illustrates that the impact of variability in supply on the quality of service is intricate, and that it
strongly depends on the specific setting considered.

Customer impatience. In Figures 11 and 12, we plot P(W(n}) > 0) in the upper subplots and
the optimal staffing level, n3, in the lower subplots. We keep all parameters fixed across the two
figures, but vary the abandonment rate: In Figure 11, we assume that § = 0.2, and in Figure 12, we
assume that 6 = 4. Contrasting Figures 11 and 12 illustrates the impact of customer impatience.
In both cases, the manager responds to the increase in uncertainty, i.e., in ¢, by staffing a larger
pool of flexible servers. However, the staffing level is smaller with more impatient customers since
congestion costs are smaller in this case; i.e. § =p+h/0 is decreasing in 6. In Figure 11, the increase
in the staffing level for larger ¢ is large enough to cause a decrease in P(W(n}) > 0) as ¢ increases.
In contrast, Figure 12 illustrates the non-monotonicity of P(W(n}) > 0) as a function of n}(g). In
this case, for large values of ¢, n}(q) does not increase fast enough, so that we observe an increase
in P(W(n}) > 0) as ¢ increases.

Staffing costs. In Figures 13 and 14, we keep all parameters as in Figure 11, but vary the cost
of the flexible capacity: In Figure 13, we consider a cheap flexible capacity with ¢, = 0.5, and in
Figure 14, we consider an expensive flexible capacity with cf., = 3.5. Contrasting Figures 13 and
14 illustrates the effect of the cost of the flexible capacity on the quality of service experienced by
customers. In particular, Figure 13 illustrates that when cy;., is small, the staffing level increases
in ¢, and it increases fast enough so that P(W (n}) > 0) decreases in ¢. In contrast, Figure 14 shows
that when c, is large, the staffing level decreases in ¢. For small values of ¢, n}(¢q) decreases
rather slowly, and P(W (n}) > 0) continues to decrease in ¢. But, for large values of ¢ (e.g. ¢ > 0.75),

n}(q) decreases too fast, leading to an increase in P(W(n}) > 0) as ¢ increases.

6.3. Time-Varying Demand: Effect of Blending on the Quality of Service
So far, we focused on quantifying the quality of service when the manager staffs only flexible

servers with stationary demand. We now turn to the case where she uses a blended workforce in a
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time-varying setting. In Figures 15 and 16, we consider three scenarios: (i) the manager may use

both flexible and fixed servers; (ii) the manager is restricted to using only the flexible resource,

and that resource has the same per-unit cost as in (i); and (iii) the manager is restricted to using

only the fixed resource, and that resource has the same per-unit cost as in (i). We plot both the

optimal staffing levels for variants of our staffing problem under each alternative, as well as delay
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probabilities in the high and low-demand periods. For the optimal staffing levels, we numerically
solve the original staffing problem in (8). Figures 15 and 16 illustrate a case where the index
ko in Lemma 1 is different than k; in Theorem 4. Indeed, for g < 1, the optimal solution in the
stochastic-fluid problem is to blend the resources in the high period i.e, we have that kg =1. On
the other hand, for ¢ =1, we have that k; = 2, so that it is optimal not to use a blended workforce
because of the extreme variability in the flexible resource when ¢ =1 (as can be seen in the figure,
the staffing level for the flexible resource drops to 0 in the high period as ¢ approaches 1).

Our objective is to illustrate the impact of blending the workforce on the quality of service offered
in the system. For our choice of system parameters, the optimal staffing solution in problem (8)
is to use a blended workforce, i.e., the solution in scenario (i) is the most cost-effective from the
point of view of the manager; however, it is unclear whether customers will experience a higher
quality of service under that scenario. Figures 15 and 16 illustrate that the impact of blending
on customers depends on the period. In the low-demand period (Figure 15), the smallest delay
probability corresponds to staffing solely from the fixed resource. This is because the manager
staffs a high-enough level to match demand in the high period (Figure 16), which leaves the
low-demand period overstaffed (we considered an alternative solution for this problem where the
manager matches demand in the low-period instead, and reached the same conclusion). However,
customers in the high-demand period are worse off when the manager staffs strictly from the fixed
resource. This is because when flexible servers are used, the manager hedges against uncertainty
by staffing a larger pool.

Figures 15 and 16 also show that blending may either help or hurt customers, compared with
staffing from only the flexible resource. In the low-demand period, the uncertainty hedge is not
large enough, so that customers are benefitted from blending (in the low demand period, only fixed
servers are used, even when blending is allowed). In the high-demand period, the uncertainty hedge
is large, and customers benefit from this. For the blended case, the hedge is not as large because

of less uncertainty in the pool due to the presence of fixed servers.

7. General Abandonment

Our results so far are all under the assumption of exponentially-distributed patience times.
Since there is statistical evidence indicating that patience times are typically not exponentially-
distributed (Brown et al. 2005), it is important to go beyond that assumption. We do so in this
section by describing results from a numerical study quantifying the optimality gaps for problems

(9) and (11) with a non-exponential abandonment distribution.
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Staffing problem and relaxations. We begin by formulating the firm’s optimization problem when
times to abandon have a general distribution. As in (8), the firm’s original problem is given by:
min I, (my,n}) = min ZT (crizma+ Cpiean + h-E[Q (M, n})] + 7 E(my,n})) -
my,ny UONION i=1
Because of the difficulty in solving this staffing problem, we now describe both the stochastic-fluid
and fluid relaxations of the problem. To do so, we let G denote the cdf of the abandonment-time
distribution, G its ccdf, and g its pdf. We assume that g is strictly positive so that G is invertible.
The stochastic-fluid formulation of the problem is given by:

min II, (my, n})
my, n’

) (mx,ny) _
= min ZT CriaMs + Cpreay + TE[(N; — N (my,ni)p) "]+ hE / MG (u)du| |,
0

mkn}\z 1

where 1w (my,n}) = G~ (N(my,ni)p/A;) denotes the stochastic-fluid approximation of the waiting

time in the i*" period. Accordingly, the fluid approximation to the problem is given by:

mln HA mA,n/\
my,n

(m)\’n)\) _
= min ZT CrinMx + Crreans +1(Ny —myp —nip)t +h / G (u)du | |,
0

m)n/\z 1

where @ (my,nd) = G~ ((map +niu)/N;) denotes the fluid approximation of the waiting time in

the " period.
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Numerical results. In Figures 17-20, we consider a problem with a single period. Moreover, we
restrict attention to a setting with only flexible capacity, since our objective here is to quantify
the accuracies of the alternative staffing-problem relaxations, and those accuracies depend on the
variance of the pool of flexible servers. For the abandonment distribution, we consider Pareto
(mean 1, shape 2) and Weibull (mean 1, shape 2) abandonment. We choose these two distributions
because they exhibit, for those selected parameter values, different properties for their failure-rate
functions: While the Pareto distribution had a decreasing failure rate, the Weibull distribution has
an increasing failure rate. We consider the following cost parameters: cfe, =1, h =1, p = 0.45,
and p = 1. For each distribution, we compare the fluid, n,, stochastic-fluid, n,, and original, nj},
optimal solutions, by plotting their respective differences for varying arrival rates.

We first discuss our numerical results with Pareto abandonment. In this case, the overloaded
regime is asymptotically optimal at fluid scale, i.e., the optimal prescription is not to match mean
demand and mean supply. Thus, we expect that fluid prescriptions should be extremely accurate,
i.e., with absolute errors on the order of magnitude of O(1) (Bassamboo and Randhawa 2010). In
other words, we expect that stochastic-fluid prescriptions would not lead to a substantial improve-
ment over their fluid counterparts; this is confirmed by Figures 17 and 19, where we plot unscaled
absolute differences |, —n}| and |ny —n}|. It is unclear, a priori, how the fluid and stochastic-fluid
solutions would perform when o, is large, i.e., is of an order of magnitude equal to O(n), because
the uncertainty in the number of servers is on the same order as the offered load in this case. We
find that, while stochastic-fluid approximations are more accurate in this case, the difference in
performance in not too great either.

With Weibull abandonment, the fluid solution prescribes a critically-loaded regime, i.e., to match
the mean demand and the mean supply. Because this is the same asymptotic regime prescribed with
exponential abandonment, we expect the optimality gaps of our respective solutions to be close to
those with exponential abandonment. Figures 18 and 20 confirm that this is indeed the case. In
particular, the stochastic-fluid formulation is remarkably accurate, yielding an order of magnitude
improvement over the fluid prescription (in most cases, n} and 7, are indistinguishable). Moreover,
Figures 18 and 20 show that the optimality gaps obtained are consistent with those reported in

earlier sections of the paper, with exponentially-distributed abandonment.

8. Concluding Remarks

In this paper, we studied the problem of staffing a service system where the manager must decide
on cost-minimizing levels of fixed and/ or flexible agents. Our analysis suggests that it may be
cost-effective to staff either strictly one of the two resources, or to use a blended workforce instead,

depending on the interaction between three competing factors: (i) operational costs in the system;
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(ii) the time-variation in customer demand; and (iii) the supply-side uncertainty which is associated

with staffing flexible agents. In broad terms, we showed that the optimal staffing levels involve both

a base capacity, which is used to match mean demand, and an additional safety capacity which
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hedges against both stochastic fluctuations in the system and the variability due to the randomness
in supply. This additional safety capacity hedge may or may not be consistent with the square-
root staffing hedge (Garnett et al. 2002), and generally depends on the mix of fixed and flexible
resources in the staffed pool. We also investigated the impact of variability in the server pool on
the quality of service experienced by customers and found that, perhaps contrary to intuition, that
customers need not be disadvantaged by supply-side uncertainty, and may instead benefit from it.
In this work, we focused solely on the long-run staffing decision in the system. Our focus on that
long-run strategic planning decision was motivated by: (1) the longer time scale which is associated
with the staffing decision in practice, e.g., to allow for the training of agents, and (2) the fact that
even though real-time pricing is used by some on-demand service platforms, such as ride-sharing
services, most such platforms have to commit to the prices that they offer their agents well in
advance (Taylor 2018). Nevertheless, it would be an interesting future research to investigate the
dynamic compensation decision in a setting with a blended workforce.
Appendix A: Theorems 1 and 2: Optimality Gaps

We first state and prove some auxiliary lemmas (Lemmas 2-4), which will be useful for the proof of our
theorems. The proofs follow similar lines of the arguments in Bassamboo et al. (2010). We consider the case

with a single period first, and then extend to multiple periods in §A.3.
A.1. Additional Lemmas

LEMMA 2. When p=6,
E[(A 1= N(my, 1)) ] SE[(X (ma,na) = N(ma,na)) T < E[(A = N(ma,na )+ O(V),
where N(my,ny) =my +ny + 0, €. Moreover, if ny=0()\) and o\ =O(X?) for ¢>1/2 then:
E[(X (ma,na) = N(ma,n2)) ] SE[(A/p— N(ma,n2)) ]+ O (A o).

PROOF. When p =6, X (my,n,) ~Poisson(\/u). By Lemma 3 of Bassamboo et al. (2010):

)\ +
(M—me,m)) < E[(X(mam2) — N(ma,ma)) [N ()

A + 47\ wo (A 2 1
<[ Z_ i 7 Z_
- (u N(m”nk)> +\/ 1 eXp( I (u N(mk’m)) )+log2

2
Then as exp (—“ (A - N(mk,nk)) ) <1, we obtain:

(A —N(mhnx))W < E[X(my,ny) — N(my,ny)) 7]

|
(s

For the second part of the lemma, we let fx(s) denote the pdf of N(my,n,) and define, for y > 0:

<E +O(VN).

My(y) = sup Afx(s)-

y—VAlog A<s<y++vAlog A
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We can then write:
A\ A :
E Texp <—f)\ (M—N(mmn/\)) >]
A/M+\/X10g'/\ 4 )\ )\ 2
= / T exp R ( s> fa(s)ds
A/ u—vXlog A o 4\ 1%
o 47\ e ?
—l—/ —exp | —— (—s) fa(s)ds
X/ v Xlog A H < 4\ H N
A/ p—+vXlog A AT\ A 2
1
+[m . exp | — (,u —8) 2(s)ds.
Letting F3% denote the cdf of N(my,n,), we see that: Fy(s) =P (e§ %) =F, (HZM) Thus,
nx na

fais)= ife (m) That is, when n, = ©O()), it must be that M, (y) = O(A/oy). Now,

Ony

X/ p+vXlog A 4 )\ )\ 2
/ Lexp LS ( —s) F(s)ds
A/ p—vXlog A H 4\ 1%

A/ p+vXlog X 2
< MA()‘/N)-/ 4IQeXp (_u (2 —S> ) ds

A/ p—vXlog A 1% A

< My(A u/ —exp
A( / ) A/ p—+vXlog A \/X

= O(\ay).

)\/M+\/Xlog>\ Kl ( KQ ()\

In addition,
[eS) 4 2
/ amh exp LS (A - s) ~(s)ds
A/ p+vXlog A H 4\ 2
4T W 9
\/ e exp (fﬁ)\(log)\) )

o(1).

X/ p—+vXlog A A7\ m A 2 N
N SRCAY (A =o(1).
/_oO . exp( o (N s) N(s)ds=o0(1)

Thus, if ny, = ©(\) then:
E [(X(mMn/\) —N(m)\7n)\))+:| SE [(A/M—N(m)\,n)\))+:| +O(>\/O'/\)

Similarly,

LEMMA 3.
I (ma, ny) <y (my, ny) <I (ma,na) + 0(\5)

Moreover, when ny =0(X) and oy =O(\?) for ¢ >1/2:

ﬁx(mmnA) < HA(mA,nA) < ﬂx(mmn)\) "‘O()‘/UA)'
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PRrROOF. We prove the first statement in detail. The second statement, where n, = ©(\) and o,, > /n;,
follows along the same line of arguments.

When p =0, the result follows directly from Lemma 2.

When p > 60, we first consider an auxiliary “upper bound” system with abandonment rate pu. On each
sample path, we assume that the two systems have the same (randomly drawn) number of servers.
Let Ax(N(my,ny)) = 0E[(X(my,na;i1,0) — N(my,ny))T] and AL(N(my,ny)) = pE[(X (ma,na; p, i) —
N(my,ny))T] where X (my,ny;x,y) is the steady-state number-in-system with service rate x and abandon-

ment rate y. As A\ (N(my,ny)) < AL(N(my,ny)):
I\ (ma,my) = Criama + Cpreania + (B/0+1)AN(N(my,ny))

< CriMa + Cpieann + (B0 +1) AL (N (my,ny))

< CpigMy + Cpreanis + (h—&—rﬁ)%IE[()\/u — N(mx,n3)) "]+ O(WA) by Lemma 2

= I, (my, ny) + O(VA).
We then consider an auxiliary “lower bound” system with service rate 6. On each sample path, we
assume that the two systems have the same (randomly drawn) number of servers. Let A/ (N(my,ny)) =
OE[(X (ma,n2;60,0) — N(my,ny))t]. As Ax(N(my,ny)) > AT (N (ma,na)u/0) (Bassamboo et al. 2010):

IT, (my, ny) = CriaMn + Cpreann + (R/0+ 1) Ay (N (my, 1))

CrixMy + Crieann + (h/0 +1) AL (%N(mA,nA))

Y

Y

CrigMMy +Cflewn/\ + (h+r9)IE 0

+
(Q—MN(mA,nA)> 1 by Lemma 2

CriaMx + Crreann + (R +10)=E {()\/,u — N(mA,nA))+]

=

= ﬁ/\(m/\,n)\).

When p < 6, the proof is similar to the case of p > 6. We first consider an auxiliary “upper bound”
system with service rate 6. Let AI(N(my,ny)) = 0E[(X (my,n;6,0) — N(my,ny))T]. As Ay(N(my,ny)) <
ALl (%N(mk,n,\)) :

I\ (ma,ny) = Crizma + Cpreann + (R0 4+ 1) AN (N (my,ny))

CrixMy + Crieann + (h/0 +1) AL (%N(m)\, nA))

A +
(0 — %m)\ — 'ZN(mA,n,\))

= Cpuamir + Crreanin + (h+ TH)%IE[(/\/;L — N(my,n2))*]
= M0, (my,n5) + O(VA).

IN

+O(VA) by Lemma 2

IN

CrigMMy + CflexTl + (h + TQ)E

We then consider an auxiliary “lower upper” bound system with abandonment rate p. Let Ay (N (my,ny)) =
OE[(X (N (ma,na); p1,0) — N(ma,na)) "] and AJ(N (ma,na)) = pE[(X (N (ma,n0); i 1) — N(ma,na)) ] As
Ax(N(TTL)\,’I’L)\)) Z A;\(N(m)\,n)\))Z

II (ma,my) = Criama + Crreann + (R/0+1)AN(N(my,ny))
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>

>

LEMMA 4.

+
(A—m,\—nA> S]E
M

CrigTx + CflexTlN + (h/@ + ’I")Ai(N(m)”nA))
CriaMy + Crreanis + (R + rH)%]E[()\/,u — N(my,ny))*t] by Lemma 2

ﬁk(mk,n)\).

I

(2 _N(mk,mﬂ <(5-m —nx)++0<am>.

PRrOOF. We notice that by Jensen’s inequality,

o[ ) o Gomn)

For the upper bound, as -1 <e <1,

E

Therefore,

&
L — |
PR
= >
|
=
3
¥
S
Z
~
Jr
—_
I

-<)\ - N(mA,m))+

=E

G )|
7_m>\_n)\—0'n>\€ =
12

N u— _
0 for Mp=ma—nx - —1,
UW'A
A/p—my—ny

1

Ony o1 7™ F.(x)dr  for — 1< Memmasm <

Tny

A/ —my —ny forw;’"irm>1.
nx

(/\—mk—nk) -1 (A—m,\—nA >0M> +0(o,,)
u 7

A +
(Mm)\n)\) +O(O'n)\)

IN

A.2. Proof of Theorems 1 and 2

From Lemma 3, we have

I, (1, 71y ) < IDy (1, 710 ) + O(VN)
M (m5,n3) + O(VA)
IT, )3

IN

5

IN

(m3,n3) +0O(

Moreover, if 1, = ©(A) and oy = ©(\?) for ¢ > 1/2:

O, (1, 7y) < Oy (M, 7n) + O(Nay)

IN

Iy (m5,n}) + O(A/oy)
IT,

IA

(m3,13) + O(A o).
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From Lemmas 3 & 4, we have:

I (17, 2) < 03 (s 71 ) + O(min{ VA, A o7, })
< I (1, ) + O(min{ VA, A/ 05, }) + O(0,)
< Ty (m%,n%) 4+ O@min{ vV, Mo, }) + O(os,)
< Ty (m%,n%) + O@min{V\, Mo, }) + O(os,)
< Ty (m%,n) + Omin{V\, A os, }) + O(os, ).

In particular, if 7y = O(A) then
IT, (172, 2,) < ILy (m, m}) + O(max{V'\, 0, }).

A.3. Asymptotic Accuracy with Time-Varying Demand

Theorems 1 and 2 are generalizable to the multi-period case. In particular, following Lemmas 3 and 4, we

have:

THEOREM 5. For large A and time-varying demand,
I (1, in) = T (m3,m3) + O (max{VA, 03 }) s (20)

and

I, (r, 71x) = I (5, n5) + O (ﬁ) . (21)

Note that the orders of magnitude of errors in the theorem are only upper bounds. In particular, if n, =0,
then the order of accuracy in (20) is O(v/A) instead. Moreover, if m, = 0, then the order of accuracy in (21)
is O(\/o,) instead.

Appendix B: Lemma 1: Fluid Solution with Multiple Periods

In this section, we shall omit the index A when there is no confusion. If ¢y, < cyi,, then n;, = A; for all i,
and m = 0. Consider that ¢, > ¢y
Recall that cjep,cpin < B for 8 in (12). A;’s are arranged in an increasing order.

Fiz m and solve for n;. The problem for period i where we drop 7 is:

II}}H Crieati + BN —m —mn,)T.

The solution is:

e If \; <m then n, =0;

o If \,;>mthenn,=\,—m



Author: Staffing Systems with a Blended Workforce
Article submitted to ; manuscript no. (Please, provide the manuscript number!) 35

Solve for m. Plugging in the above solution, the problem becomes:

H}riln Z ch11m+ Z wa,m"‘rcflez(Az _m)]
{i:X;<m} {i:\;>m}
= n}riln Zchmm— Z TiCprexm + Z TiCrrex i
{i:\;>m} {i:X;>m}
k
= min m- Zﬂcfzm - Z Ticflez + Z Ticflem)\z
" i=1 {i:A;>m} {izA; >m}

It is easy to see that there exist 1 < kg <k such that:

k k
<Zch“ Z Tszu> <0 and (ZTicﬁw — Z T,L-cflew> >0
i=1

i=kg i=ko+1

The optimal solution is given by:

’ﬁ’L:Ako
n; =0 for 1 < kg
=N\ — A, fori>kg.

That is, we use only the fixed capacity in low-demand periods, and we blend in the higher-demand periods.

In the special case when c;;, < 7, Cfiens We set m =\, and n; =0 for all 7.

Ek

Appendix C: Theorems 3 and Corollary 1: Stochastic-Fluid Problem with a Single
Period

Recall that we denote by 7, and m, the optimal solutions of II,; we shall drop the index A when doing so
does not cause any confusion. The statement of Theorem 3 focuses on the flexible resource only. Here, we
present the proof for a system with both flexible and fixed resources, and a single period. The proof of the
statement in Theorem 3 follows immediately by assuming that the price of the fixed resource is larger than
that of the flexible resource; this corresponds to sections C.2., C.3., and part of C.4. below.
C.1. cpix <Cfren
In any optimal solution, we must have that 7 =0. Aiming at a contradiction, assume that 7 > 0. Then, for
B in (12):

H(m+n,0) = cpp(m—+n)+BA—m—n)"

< CriaM+ Cpreat+ BE[(A = — 1 — 0 - €) 7] = 1I(m, A).

The inequality follows from the fact that ¢y, < cjie. and Jensen’s inequality. Fixing 7 = 0, we have I1(m,0) =
ﬁ(m7 0). Thus, a unique optimal solution exists, and is the solution to the fluid problem.
C.2. ¢y >cCpe, and 0<g<1/2.

Plugging in the fluid optimal solution, i.e., setting m =0 and n = A/u, we have

(m,n) =TI(m*,n*) + O(VA) + O(a,) = (m*,n*) + O(VN),

where the first equality follows from Theorem 1. Thus, (m,7) = (0, A\/u) is optimal. This proves Case I in

Theorem 3.
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C.3. Cfizc>cflew and 1/2<q<1.

We consider relatively large systems with

(Ctia = Cprea) N 10> 0/ E[(—€) . (22)

We first show that 72 is ©(A/p) and m is O(oy,,.). The proof of this part is divided into four steps.
Step 1. Show that 7 > 0. For n =0, under assumption (22), we have

[ (m, 0) > TI(A/p, 0) > T1(0, A/ ).

Thus, we must have 7 > 0.

Step 2. Show that n < \/u+ MUVW To see why, assume that 7> A/u+ MO’A/H. Then,

Cflex flex
_ Y _
H(m,ﬁ) > Cflez'fl > Cflezﬁ + ﬁE[(—€)+]O’)\/H = H(O, )\/,LL)

We thus get a contradiction.

—e)F)4crip max{F " (cy;
Step 3. ShOW that ﬁZA/N_ B]EK ) ]+ fix {Fe ( fzm/ﬁ)vo}a_/\/

Cfixz —Cflex K
For fixed n, let m*(n) = argmin,,»o [I(m,n). In particular,

o if A/:i_" > F Y (cpin/B), then m*(n) =N/ pu—n—F " (cpin/B)on;

e eclse, m*(n) =0.

In what follows, we shall suppress the dependence of m* on n where there is no confusion. Assume n* <
—e)t]+crip max ey
)\/’ui BE[(—€)T]+cypip max{F( fzz/ﬁ)vo}o,

Cfiz—Cflex

A e If m* :O,

II(m*,n*) = II(0,n*)

Y

Criea* + BN/ —n7)
—1
Cflez)\///t + (ﬂ _ Cflez)ﬁE[(_6)+] + Cg;z Hia:f{lFE (Cfiz/6)70}o_

> Cpiea i+ BE[(=€) oy = IO, M/ 1),

\

A

We thus get a contradiction.
Em*=XNp—n"—F 1 cpi/B)on:
e When F-*(csi./B) >0,

(m*,n*) > cro(Np—n") = crioF7 N (Crin/ B)Onjp + Crican”

> Cprea( N pp—n") + BE[(—€)F]os/p + Cpiean” =T1(0, A/ 1)

e When F;l(Cfm/ﬁ) <0,

(m*,n") > cpin(\/pp—1") + Cprean”
> Cpread/ 1o+ BE[(—€) Tlon ), = TI(0, M/ ).

We get again a contradiction.

Step 4. Show that m < (M +2|F€‘1(cfm./ﬁ)|) 0x/u- This follows from the analysis in Step 3.

Cfiz —Cflex
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Based on the analysis above, we write

m=zc, and n=\pu+yo,.
We notice that there is a one-to-one correspondence between (z,y) and (m,n). Then, minimizing II(m,n) is
equivalent to minimizing
L(z,9) = (¢riot + sy + BE[(—z —y — €)*]) 51(y)
where s,(y) = 0,,. We denote the optimal solution to min, ,I'(z,y) as (Zx,7x). Steps 1-4 indicate that we
can find 0 < M < oo, such that for all A,
0<Zy<Mand —M <y, <M.

This implies that we will use the cheaper flexible capacity to meet the mean demand. The more expensive
fixed capacity, if used, is only used to hedge the uncertainty in the flexible capacity.
We now focus on min, , I'(z,y). We first notice that the optimal solution to

min i, @ + Creay + BE[(—2 —y — €)T]
T,y

is (0, —F " (cfex/B)). We also observe that

% — (¢ria — BE.(—2 — ))5x(v), % BF =z — g)s(4) 20
and
811((93;,3;) = (Ciea — BE(—2 —9))5x(y) + (Cria® + Cpreay + BE[(—2 —y — €) T]) 54 (1),
L (z,y)

a7 Bf(—z —y)sa(y) +2(ciee — BE(—2 = y))s\(y) + (criot + Cpreay + BE[(—z —y — €) T])sN(y).

In particular, T'(x,y) is convex in x, but may not be convex in y. We next analyze the sign of 82%;2’”) for
large systems. Recall that o,, = an?. Without loss of generality, we set a =1 for the ease of exposition. Then,

we can write n(y) = A/ +yo,) = A/ n+yn(y)?. We first notice that n(y) =©(N). As

n'(y) =n(y)'+qy-n'(y) -n(y) ",

n'(y) = % =0O(\?) and s'(y) =q-n(y)"-n'(y) =O(N\?~1). Similarly, as
ey 200 () n(y)t + (g — Dy(n'()? n(y)?
n (y) - 1 ’
1—qyn(y)?

n(y) = ©(A*71). In addition, as s\(y) = qn”"(y)n(y)*™" + q(q¢ — 1)(n'(y))*n(y)*~?, we have |s{(y)| =
©(A3172). This leads us to make the following observations for A large enough.

i) The first term in 62%;2’1’) will dominate. Thus, az%ﬁy) >0 for y € [-M, M]. Then there is a unique

optimal solution, which satisfies %z’y) =0.
ii) AS Cprer < Cpiz, When %“;y) =0, we have that % > 0. Thus, Z, =0, and ¥ is solution of
ﬁ e( y)_cflez—’_(cflezy—'_ﬁ [( y 6) }) . ( )
sx(y)
Notice that —M <y < M and that Zig; = O(\?"1). Applying Taylor expansion to F.~!(-), we obtain

that
gr=—F"(cfiea/B) + ONTT). (24)
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Based on these observations, and applying Taylor expansion to I'(0, %) around y; := —F!(cf1e./3), we have
— * aF 0? y* — * —
r(0.3) = D)+ % g i) + 000
= T(0,—F (¢piea/B)) + O(X*72). (25)

To get the second equality, we notice that (cse. — BF.(—y7))sa(y;) =0.
In particular, we can consider two cases:

e Moderately uncertainty-dominated regime: 1/2 < ¢ < 3/4. In this case, 3¢ — 2 < 1 — q. Thus, we do not

need to worry about the O(A3?72) term in (25). Using ny = A\/u+y;o,, is O(\/oy) optimal. In addition,
if instead of ny =A/u+yion,,, we use n=A/p+yios,,.. We write i =A/pu+ gos, then

g — = yi‘(%; Or/w) _ o).

Applying again Taylor expansion to I'(0,3) around yj, we have
L(0,9) =T(0,y7) + O(X**72).

Thus, using =X/ + y;o,,,. is also O(A/oy) optimal. This proves both Case II in Theorem 3
and Corollary 1.

e Strongly uncertainty-dominated regime: 3/4 < ¢ <1. When 3/4 < g < 1, we should solve (14) exactly

to achieve O(A/oy) optimality. This proves Case III in Theorem 3.

C.4. Case IV in Theorem 3: ¢, =an, i.e., ¢g=1, for a < 1.

Let my =/, ny =yA\/u for 2,y € RT. Then, optimizing II,(m,,n,) is equivalent to optimizing:

HA(mAanA)
A

We denote the optimal solution to V(x,y) as *, y*. It suffices to consider z,y such that —ay <1—x—y < ay.

V(w,y) = = Cpiat+ Cpieny + BE [(1 =2~y — aye) ]

That is, we need to solve:

min V(x,y) (26)

where
l—xz—y
ay
V(z,y)= CfifoJrszemerﬂay/ F.(u)du

1

We first notice that for fixed y, we have

oV(x,y) _ ¢ — BF, (117»'>

Or ay
oV 1 1—a—
M =p5—F. Ty >0 implying that V(z,y) is convex in z.
0x? ay ay

Let 81 = c¢yi./ 5. Then, we divide the analysis into two cases:

e Case a: If 1 —y—ayF " '(31) >0, 2*(y) =1 —y —ayF ' (3).

e Case b: If 1 —y —ayF(B,) <0, z*(y) =0.
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In Case a, we have 17”&7(;)71’ = F~1(B;). Then, we find y that minimizes:

1 (B1)

Ei(y) =V(2"(y),y) = cpix + <Cflez — Cpin — CriwaF 7 (Br) + aﬂ/ F. (U)du> Y,
—1

which is readily seen to be linear in y. Thus, if
FZN(B1)
Cflex >Cfiz+cfizaF;1(5l)_aﬁ/ FS(U)dU,
-1

then z* =1, y* = 0; otherwise, z* =0, y* = (1+aF(31)) ! (to be in Case a).

In Case b, we find y that minimizes:

1/(ay)—1/a
Za() = VO.) = cpecy + Bay | F(w)du
-1
We notice that
1/(ay)—1/a 8 1 1
Z(y) = Crren F.(z)dz—ZF (—-=
4 (0) = e+ | @z -2 (1)
and
— B 1 1 . . . .
E5(y) = —5fc | — — — | >0 implying that V(0,y) is convex in y.
ay ay a
: -1 -1 TP 1 . _ 1
To be in Case b, we must have that y > (1+aF 1 (5;))" . If &) (1+aF;1(51)) >0 then y* = e T Note
= 1 T :
that = (1+GF5_1(51)> >0 is equivalent to
F71(81)
Cfies > Cpin + CpinalF " (B1) — aﬁ/ F.(u)du, (27)
-1
in which case we need to compare Z;(0) to = (m> to find the overall optimal value of V(x,y). It

is readily seen that if (27) holds, then =;(0) < =5 (ﬁ’l(ﬁ))’ so that y* =0 in this case. Otherwise, y* is
alte 1

the solution of

1/(ay)—1/a B 1 1
=) = cpren + Ba/ F(wdu—"F. ( _ ) —0. (28)

-1 ay a
For the solution to (28), we observe that

= (y*) <E ! == 1
Z2(y") <E» (M%>_“l (aFl(ﬂl)H)

Therefore, the solution to (26) is given by:

o If Cpion > Cpin +CriaF 71 (B1) — af f_F{l(ﬁl) F.(z)dz, then: z* =1 and y* = 0;

e Otherwise, z* =0 and y* solves (28).
This proves case IV in Theorem 3.
Appendix D: Theorem 4: Stochastic-Fluid Problem with Multiple Periods
D.1. Case 1 in Theorem 4: 0, =an? for 0 <¢<1

Letting ny = (n},n3,...,n5), we can write:

k
].:.[/\(m/\,nA) = ZT’L (Cfizm)\ +Cflezn’;+(h+7"9)%E
i=1

(2 —N(mA,n;>)+D ,

k
= ZTiﬂg(mA,ni),
i=1
k )\i/u—mA771§\
i Ko i Tn}
= ZTi cfmm)\JrcflmnAJr(h+7’9)51{n)\ >0}on§/1 A F.(u)du

i=1 -
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When plugging the fluid solution (m,,1i,), and recalling that 8= (h/0 + r)u, we have

k 0
iy (73, ) = T (7, B + 6 Y 0 / F.(u)du, (29)
-1

i=ko+1

where kg is defined in Lemma 1. The expression in (29) suggests that the optimal policy for the stochastic-
fluid problem will have the same number of fixed servers as its counterpart fluid solution, but will add some
flexible resource to its counterpart fluid solution for an additional “hedge” against variability; this hedge
should be on the order of 0. We will prove that this is indeed the case in what follows, breaking down our
proof into 3 steps.
Step 1. In an optimal solution (m,,n,) to the stochastic-fluid problem, for all 1 <i<k:
(a) If my <A;/p, then \;/p—ogm <ma+75 <A/t 053
(b) If my > \;/u, then 7% =0.

The second part of the statement is straightforward. We prove the first part of the statement by contra-
diction.

i) Aiming at a contradiction, suppose that, for period i, we have my + 7% > \;/pu+ T - Then,
ﬁi\(m/\,ﬁ;) = ﬁ;(mhﬁ;\) > ﬁ§\<m>\’0) = ﬁi(mk’ 0)'
The first equality holds because € € (—1,1). In this case, by sending 7 to zero, we reduce the cost of period
1 without changing the cost of any other period. We thus get a contradiction.
ii) Now suppose that, for period i, my + i < \;/p— 05i - Choose n’ such that my +n' = Xi/p— o, . Notice

that n’ > i as o, is increasing in n. Then,
_ _ . A B iy
I} (M, Y) = CriaTx + Crrealy +ﬁ(u — My — n;)
_ ’ )‘7« — ’ i (= ’
> CpigMy + Cpreen’ + B ;—mk—n =1I (my, n').

The inequality follows from the fact that ¢, < 8 and n’ > @%. In this case, by increasing 7} to n', we
reduce the cost in period 7 without changing the cost of any other period. We thus get a contradiction. This

concludes the proof of Step 1.

Step 2. For kg as defined in Lemma 1, i.e., such that m,, = Ay, /u:
(@) My > A, /15
(b) For all i <ky, we have that 7} =0.
We, again, prove this statement by contradiction. We begin by establishing part (a).
i) Aiming at a contradiction, suppose that m, < Ay, /p. Recall that my = Ay, /p. For i < ko, let n¥ =0; and

for ko <i <k, let n¥ =max {n} — (M —m,),0}. For i < ko, we have

ﬁ;(m)\,ﬁ’;\) Z Cfizm)\.
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For i =ko, let = Ay, /o — My — Aty =my —my — 4. Then we have

ﬂ;(m)\vﬁ;) - ﬂ;(mkao)

= —Cfix (M —my) + CflegcﬁiA + Bgﬁi / 3\ F(u)du

-1

= (—Cpiz + Crrex) (M — My) — Cprea T+ 5‘777; /

1

%

(Cflez/ﬁ)
(=Crie + Criea) (x = 13) = Crieasy F ™ (Cpica/B) + Bong / F(u)du
-1
(cfiex/B)
= (=Crio + Criea) (Mx —1M0x) — Bogy / uf(u)du
-1
> (=Cpic + Criea) (x — M),

Thus,

I (1, ny) > CrizMix + Crres (Thy — My).

For i > ko, from Step 1, we have my + 7} > \;/pu — i and i< Ai/p+ 05i - Then for A large enough, we
have: 7y — (1 —Ma) > Ay /i — Ay /1t — 051 > 0. Thus, ny =} — (1, —my) for A large enough, and

A, L -
E—m)\ ’n,)\_UﬁQE
)\ +
;7771)\777,)\ Unf\’e

G )]
f—mk—n/\—a 1/6
1%

+
where the last inequality follows from the fact that for fixed s >0, E {( —5—0 e) ] is increasing in n,

I (my, ny) = CrinTM + Cprea (My — M) + Cprean’y + B (

> CpinMin + Crree (Thy — My) +sz@z”)\ + BE

= CpipMMiy + Cpien (M — M) + Cpieeny + BE

and the last equality follows from the fact that my 4+ 74 = my +n¥
From the proof of Lemma 1, we have Zle Ticpin < Zf:ko T;Cf1e..- Combining the bound for different values

of i, we have
1:[ (mk7ﬁ>\)

= ZT <szzm)\+0flezn)\+/8 E

)\ +
k k k k
> ZTinizm)\ - ZTiCﬁz(mA —my) + Z TiCrrex (M — 1)) + Z TiCfreany

i=ko i=ko+1
+3 Z E

+
<—m)\—n>\ Ung\le)
i=ko+1

k

ZTCf“Cm*—F Z chlean—i—,B Z

= 1=ko+1 i=ko+1

v

<)\ ’ X >+
— — My — Ny — Opi€
I

We therefore get a contradiction, which proves part (a). Next, we show part (b).

= H (mkan)\)

i) Suppose that my > Ay, /e and 74 > 0 for some ¢ < kg. Then, it is easy to see that by decreasing such 71}
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to zero, we reduce the value of the objective II,. We thus get a contradiction. This concludes the proof of

Step 2.
Step 3. In an optimal solution to the stochastic-fluid problem, we must have that m, =m,. To
show this, we denote 1, = my — 1y and fi, = (n5°7" ... nk). Based on Step 2, we can write

min I\ (m,y,n
ma>0,my >0 A(ma, i)

k
:CfmmAZTi
i—1
- : _Lag=li s i i — 1y — N (i, ni))F
+mkgyll%20‘_; Tz((‘jfwzz_c Ti)mk—l—cﬂemnk—kﬁ]]i[(/\l/u my — Ny, ny)) ])
i=ko+1 i=ko+1

As ¢pin Zle T, > Cfien Zf:koﬂ T;, we must have at optimum that 1, = 0. To see why, we notice that:

k k
) ST . _ _ . .
iy 2008y 20 >, T <<cfi®k]1] s+ Cpreatty + BE [(Ns/p—1ix — N (1x,n3)) ¥

i=ko-+1 Zi:ko+l T;

Y

k
Z ﬂ min o {Efmm; + cflexnf\ + ﬁE [()\l/,u — ﬁh — N(m;, TL;))+:| }

imkot1  aZ0nRZ

k
" Tomin {epeni +8E [ /n =iy —ni = 0,07 }

i=ko—+1 A

where Cs;, = Cpin Zle T,/ Zf:koﬂ T; > cy1ee, and the last equality follows from the analysis in Appendix C
for the single-period case. Most importantly, the above analysis suggests that we can fully decompose the
stochastic-fluid optimization problem into k single period problems with the number of fixed servers equal

to my. In particular,

k
min ﬁA(m/\,n)\> - Cfizmk ZT’L

mx>0,n)>0 —rt
i=

k

+ Z Tigiz%{cﬂezni—l—ﬂﬂi ()\i/u—mk—ni—anie)ﬂ}.

i=ko+1

This includes the special case where kg =0 and m, =0.

D.2. Case 2 in Theorem 4: o, =an for a < 1:

Let

(1-7)/(am) 1_
g(v):cjfzez—i-ﬁa/ Fe(u)du—éF6 ( 7) .
o v ay

Recall that ~* is the solution of g(v) = 0. For a fixed value of m, we can solve for the corresponding optimal

fi(m) by optimizing each period individually. Particularly, for period i, we choose n,;(m) that maximizes

(3- N(mmi(m))ﬂ .

04 (m, .y (m)) = criwm + cpreani(m) + BE
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From our analysis in the single period case in Appendix C, we have 71;(m) =~*(\;/p—m)™T, for v* in (16).

Then if A\;/u >m,

_ (1=~v*)/(av™)
T (1, 7 (1)) = Cream+ Egieay” s/ it — 1)+ ay" (Ao — m) B / F, (u)du
—1

(1=~")/(av™)
= | C¢piv — Crreay" —ay ﬁ/ F.(u)du | m

i (1=~")/(av™)
—i—; Chreay” +aY" ﬂ/ F.(u)du | .

Now define x(m) as the first period we start blending when the fixed pool is set at m. Particularly, if
A/ < m, we write k(m) =k + 1 (recall that we assumed, without loss of generality, that the periods are
ordered in increasing \; values). Otherwise, set #(m)=min{i >1:\,/u >m}. Define 3~ w12 =0. Then
our goal is to optimize

: _ (I=y*)/(a™)
rr}inZﬂHQ(m,n Zchmf Z T, (cﬂm’y +avy ﬂ/ (u)du) -m

i=1 i=r(m)

(1=~")/(av")
+ Z T CrreaY” + 0" ,8/ F.(u)du | . (30)

i= .‘i(m)

Following the same line of argument as the proof of Lemma 1, one can show that the solution of (30) is

m = \g, /i, where ky =0, if ¢pip > Crre0y” + ay” Bf(l v/ ey )F( )du; and

(I=~*)/(av™)
ki = max{1<h<k Zchw<ZT (emw +av* 6/ Fe(u)du>}7
i=1 i=h

otherwise. Particularly, if k; =0, the we use flexible servers only. If k; = k, then we use fixed servers only. If
1 <k; <k, then k; +1 is the first period where we start blending.

We next take a closer look at the event that determines k;.

(A=~")/(av")
ZTCf“U<ZT Crea”y” +ary ﬂ/ F.(u)du

Z’“_ T, /(1 )/ (av*)
= ==l e < cCheV ta F.(u)du
s fleaV” +ay*B ()
k
T; 1-
= Zifl crin < BF. < i ) as g(y*) =0.
2in T ay”
—= 7 < ! (31)
= L+aF " (ch,/B)
where <= means equivalent to and ¢}, = ¢y, %: i
As g(7) is an increasing function of v and v* is the solution of g(v) =0, we can check whether
g(1/ (1 +aF " (c}./B))) 20 (32)
to check if the inequality (31) holds. As
1 +5 /Fe_l(c?ix/ﬁ) 7 ( )d N (1 N F71 ( N /6))
— Cflex € —C iz € T ’
I\ 1 +aF ' (k. /B) “r “1, w)au =y a Ct

then the inequality (32) is equivalent to

Fot(chy,/B)
Chrex > c?m + c?maF;1 (ciﬁw/ﬂ) - ﬂa/ F.(u)du.
—1
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Probability of delay in the M/M/N(n)+M Queueing System Expected Queue length in the M/M/N(n)+M Queueing System
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Figure 21 Probability of delay P(W(n) > 0) in Figure 22 Probability of delay E[Q(n)] in the
the M/M/N(n)+ M queue as a func- M/M/N(n)+ M queue as a function

tion of n. of n.

Appendix E: Supporting Figures: Convexity of Measures

In Figures 21 and 22, we consider an M/M/N(n)+ M queueing system with A =100 and 6 = = 1. Figure
21 illustrate that the probability of delay, P(W(n) > 0), is concave for n < \/u, and convex otherwise. On
the other hand, Figure 22 illustrates that E[Q(n)] is convex in n.
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